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Abstract. Let I be an odd prime. Let K be a field of characteristic zero 
with algebraic closure K a . Let n,m > 4 be integers that are not divisible 
by I. Let f(x),h(x) E K[x] be irreducible separable polynomials of degree n 
and m respectively. Suppose that the Galois group Gal(/) of / acts doubly 
transitively on the set IHj of roots of / and that Gal(h) acts doubly transitively 
on as well. Let J(C/ ^) and J(Ch t e) be the Jacobians of the superelliptic 
curves Cf i : y e = f(x) and Ch,i '■ y = h(x) respectively. We prove that 
J(Cf i) and J(C/ l ^) are not isogenous over K a if the splitting fields of / and 
h are linearly disjoint over K(Q). 

1. Definitions, notations, statements 

Let if be a field. Let us fix its algebraic closure K a and denote by Gal(K) the 
absolute Galois group Aut(K a / K) of K. If L D K is an overficld of K and L a 
contains K a (i.e., K a is the algebraic closure of K in L a ) then K a is Aut(L a /L)- 
stable and we write 

ves(L,K) : Gal(L) = Aut(L a /L) -> Aut(K a /K) = Gal(K) 

for the corresponding restriction map. If X is an abelian variety over K a then 
we write End(X) for the ring of all its if -endomorphisms; lx stands for the 
identity automorphism of X. If Y is an abelian variety over K a then we write 
Hom(X, Y) for the (free commutative) group of all if a -homomorphisms from X 
to Y. It is well-known that Rom(X,Y) = if and only if Hom(F, X) = 0. If X 
is defined over K then X(K a ) carries a natural structure of Gal(i4T)-module. One 
may also view X as an abelian variety over L; the subgroup X(K a ) C X{L a ) is 
Gal(L)-stable and the corresponding homomorphism Gal(L) — + Aut(X(K a )) is the 
composition of res(L, K) : Gal(L) — > Gsl(K) and the structure homomorphism 
Gal(K) -» A.ut(X(K a )). 

Let f(x) G K[x] be a polynomial of degree n > 4 without multiple roots. We 
write *H/ C K a for the set of its roots, Kffif) C if a for the splitting field of / and 
Gal(/) = Aut(K(m f )/K) = Gal{K(9\ f )/K) for the Galois group of /. Then <K/ 
consists of n = deg(f) elements. The group Gal(/) permutes elements of 9\f and 
therefore can be identified with a certain subgroup of the group Perm(?l/) of all 
permutations of 9\f . Clearly, every ordering of 9\f provides an isomorphism between 
Perm(?l/) and the full symmetric group S„ which makes Gal(/) a certain subgroup 
of S„. (This permutation subgroup is transitive if and only if / is irreducible over 
K.) 

Let I be an odd prime. We write Z[&] for the ring of all integers in the £th 
cyclotomic ring Q[Q]. 

Let us assume that char(if) ^ £ and consider the superelliptic curve 

C U : y e = fix), 
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defined over K. Its genus g = g(C/j) equals (n — — l)/2 if £ does not divide 
n and (n — 2){i — l)/2 if £ | n. Let J(C/^) be the Jacobian of C/; it is a j- 
dimensional abelian variety over K a that is defined over K . Then End(J(C/^)) 
contains a certain subring isomorphic to (see Sect. 3.2). 
The main result of the present paper is the following statement. 

Theorem 1.1 (Main Theorem). Suppose that K is afield of characteristic different 
from £ that contains a primitive tth root of unity. Let f(x), h(x) £ K[x] be separable 
irreducible polynomials of degree n > 4 and m > 4 respectively. Suppose that the 
splitting fields of f and h are linearly disjoint over K. 
Suppose that the following conditions hold: 

(i) The group Gal(/) acts doubly transitively on^\f; if £ divides n then this 
action is 3-transitive. 

(ii) The group Gal(/i) acts doubly transitively on JH^; if £ divides n then this 
action is 3-transitive. 

Then either 

H.om(J{C f ,e), J(C M )) = 0, Hom(J(C M ), J{C f:t )) = 

or p :— cheLv(K) > and there exists an abelian variety Z defined over an algebraic 
closure F p of F p such that both J(Cfj) and J(Ch.e) are isogenous over K a to 
self-products of Z . 

Remark 1.2. The case £ = 2 (of hyperelliptic Jacobians) was treated in |26l I27j . 
See |101 |3j for the list of known doubly transitive permutation groups. 

The paper is organized as follows. In Sections |21 and |3| we study pairs of abelian 
varieties with homomorphism groups of big rank. We prove Theorem 11.11 in ^ 
Sections and contain the proof of some auxiliary results. 

I am grateful to the referee, whose comments helped to improve the exposition. 

2. HOMOMORPHISMS OF ABELIAN VARIETIES: STATEMENTS 

First, we need to introduce some notions from the theory of abelian varieties. 
Let K be a field and d be a positive integer that is not divisible by char (if). Let 
X be an abelian variety of positive dimension defined over K. We write Xd for 
the kernel of multiplication by d in X(K a ). The commutative group Xd is a free 
Z/c?Z-module of rank 2dim(X) Clearly, Xd is a Galois submodule in X(K a ) ■ 
We write 

p d ,x : Gal(if) Aut z/dz (Xd) = GL(2dim(X), Z/dZ) 

for the corresponding (continuous) homomorphism defining the Galois action on 
Xd- Let us put 

G d ,x = p d ,x(Gal(K)) c Aut z/d z(X d ). 

Clearly, Gd,x coincides with the Galois group of the field extension K(Xd)/K where 
K(Xd) is the field of definition of all points of order dividing d on X. In particular, 
if £ ^ char(if ) is a prime then Xi is a 2dim(X)-dimensional vector space over the 
prime field Ff = Z/£Z and the inclusion Gi^x C Autp f (Xi) defines a faithful linear 
representation of the group Gt,x in the vector space Xi. 
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We write EndAr(X) C End(X) for the (sub)ring of all ET-endomorphisms of 
X and End^(X) c End (X) for the corresponding Q-(sub)algebra of all K- 
cndomorphisms of X. If Y is an abelian variety over K then we write Hom°(X, Y) 
for the Q-vector space Hom(X, Y) ® Q. 

Let E be a number field and C E be the ring of all its algebraic integers. Let 
(X, i) be a pair consisting of an abelian variety X over K a and an embedding 

i:E^ End°(X) 

such that i(l) = l X - The degree [E : Q] divides 2dim(X) (see [I3|L 
If r is a positive integer then we write for the composition 

E ^ End°(X) C End°(X r ) 

of i and the diagonal inclusion End°(X) C End°(Jf r ). 

If (Y,j) is a pair consisting of an abelian variety Y over K a and an embedding 
j : E =— > End°(y) with j(l) = ly then we write 

Hom°((X,i), (T, j)) = {u e Hom°(X,F) | ui(e) = j(e)u Vu e E}. 

Clearly, Horn ((X, i), (Y,j)) carries a natural structure of finite-dimensional E- 
vector space. Notice that the Q-vector space Hom°(X, Y) carries a natural struc- 
ture of E <g>Q E-module defined by the formula 

(ei ® e 2 )<j) = i(ei)0i(e 2 ) Vei, e 2 € E, G Hom°(X, Y). 

Remark 2.1. If is well-known that if the field extension E/Q is normal then 
for each automorphism a G Aut(E) = Gal(E/Q) there is a surjective E-algebra 
homomorphism 

pr CT : E ®q E -» E, e\ ® e 2 i-> ei<j(e 2 ). 

(Here the structure of E-algebra on E ®q E is defined by 

e(ei ® e 2 ) = eei e 2 Ve, ei, e 2 G E. 

T/ie well-known E-linear independence of all a : E —> E implies that the direct sum 
of all pr CT 's is an isomorphism 

ffi<reGal(.E/Q)P r ( T : ^ ®Q E = ®a£Gii\(E/Q)E. 

This allows us to view pr CT as mutually orthogonal projection maps pr CT : E <X>q E —* 
E Cg)Q E, whose sum is the identity map. Also, the annihilator of o~(e) (8> 1 — 1 (8) e 
in £ (H>q E coincides with the image pr CT : E ®q E o/ pr^. 
T/iis implies easily that 

Rom°((X,i),(Y,jo-)) = pr ff (Hom°(X,r)) 

and 

Hom°(X,F) = © CTeGal(iS / Q )Hom ((X,*a), (Y,j)) (1) 

where io~ : E ► End°(X) is t/ie composition of the automorphism a : E —> E and 
i: E -> End°(X). 

Let us denote by End°(X, i) the centralizer of i(E) in End°(X). Clearly End°(X, i) = 
Horn ((X, i), (X, i)) and i(E) lies in the center of the finite-dimensional Q-algebra 
End {X, i) . It follows that End {X, i) carries a natural structure of finite-dimensional 
-E-algebra. One may easily check j^| Remark 4.1] that End°(X, i) is a semisimple 
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-E-algebra; it is simple if and only if X is isogenous to a self-product of an (abso- 
lutely) simple abelian variety. The following two assertions are contained in |27l 
Theorem 4.2], [13 Remark 3.2]. 

Theorem 2.2. dim B (End°((X, i)) < 4 '*™$> 2 ■ 
Theorem 2.3. Suppose that 

di m ,(End°((X, i )) = i 1 |^. 

Then: 

(i) End ({X, i) is a central simple E-algebra. 

(ii) There exists an absolutely simple abelian variety B of CM-type over K a 
such that X is isogenous to a self-product of B. 

(iii) If c)\&i(K) = then [E : Q] is even and there exist a [E : Q]/ '2- dimensional 
abelian variety Z over K a , an isogeny %j) : Z r — > X and an embedding k : 
E End°(Z) that sendl tol z and such that ^ <E Hom°((Z r , fc( r )), (X,i)). 

Remark 2.4. Suppose that 

dim E (End°((X, i )) = i I |^! 

and char(if) > 0. In notations of Theorem \2.iA it follows from a a theorem of 
Grothendieck |121 Th. 1.1] that B is isogenous to an abelian variety defined over a 
finite field. This implies that X is also isogenous to an abelian variety defined over 
a finite field. 

If i(0) C End(X) and j(0) C End(Y) then we put 

Hom((X, i), (Y,j)) = {u e Hom(X, Y) | m(e) = j(e)u Vu E E}. 

Clearly, 

Hom°((X,i), (Y, j)) = Rom((X,i), (YJ)) ® Q, 

Hom((X, i), (y, j)) = Hom°((X, i), (Y, j)) f| Hom(X, Y), 

which is an 0-lattice in the E- vector space Hom°((X, i), (Y,j)). 

Remark 2.5. There are canonical isomorphisms of E -vector spaces 

Hom°((jr, iW),(Y,i)) = (Hom ((X, l ),(Y,j))) r =Hom°((X r , i ),(Y,jM)) 

where (Hom°((X, i), (Y, j))) r is a direct sum of r copies of Hom°((X, i), (Y, j)). /£ 
follows easily that there is a canonical isomorphism of E-vector spaces 

Kom°((X r ,i^),(Y,j^)) = (Rom°((X,i),(Y,j))) rm 

for all positive integers r and m. 

Lemma 2.6. (i) dim B (Hom°((X, i), (Y, j))) < 4 ' dim gg m(r) ; 
(ii) 7/dim(X) = dim(Y) and 

^- m Ouy -\ iv -\\\ 4 ■ dim(X)dim(Y) 
dim B (Hom ((X,z),(Y,j))) = \e~Q^ 

then Hom°((X, i), (Y,j)) contains an isogeny <j) : X — > Y . In particular, 
Rom°((X,i), (Y,j)) = • End°(X,i), End°(Y, j) = 0End°(X, i)^ -1 



NON-ISOGENOUS SUPERELLIPTIC JACOBIANS 



5 



and 

dim B End°(Y, j) = di m£ ;End (X, i) = dim B Hom°((X, i), (Y,j)) = 

4dim(X) 2 _ 4dim(Y) 2 
[E : Q] 2 " [E : Q] 2 ' 

of Lemma \2.f\ Let us fix a prime £ char(if). Let us put 

E e := E® Q Q e . 

Clearly, Eg is a direct sum of finitely many ^-adic fields. 

Let Tg(X) be the Z^-Tate module of X [TT] Recall that T t {X) is a free Z r 
module of rank 2dim(X). Let us put 

V l {X) = T l (X) ® z , Q^; 

it is a 2dim(X)-dimensional Q^-vector space. There are natural embeddings 
End°(X) ® Q Qg Vnd Ql V e (X), End°(Y) ® Q Q, End Qe V e (Y), 

Rom a (X,Y) ® Q Qg Homq £ (^(X),^(r)). 
Now the injections i and j give rise to the injections 
Eg End°(X) ® Q Q £ End Q ^(X), £ £ End°(Y) ® Q Q £ End Qf Vg(Y). 

These injections provide Vt(X) and Ve(Y) with the natural structure of free Eg- 
modules of rank ^rg^Qip and 2 ^™q^ respectively ^3] . Clearly, the image of 

Hom°((X,i), (YJ) ® Q Q e c Hom°(X, Y) ® Q Q, 

in Rom.Qt(Vt(X),V t (Y)) lies in Hom^ (V^ (X) , Vi (Y) ) ; in fact, it is a free E e - 
submodule of B.om Ee (Vg(X), Vg(Y)) of rank dim B (Hom°((X, i), (Y,j)). The rank of 
the free ^-module HomE e (Vg (X), Vt(Y)) equals the product of the ranks of Vt(X) 
and Vg(Y), i.e. equals 

2dim(X) 2dim(Y) 

[e ■ Q] ' \e7q] 

We conclude that 

dto£(Hom o (( x,,, W3 -„ s ^.^e ] ). 

Clearly, the equality holds if and only if 

Hom Ee (Ve(X),Vt(Y)) = Hom°((X,i), (YJ)) ® Q Q £ . 

Suppose that the equality holds and assume, in addition, that dira(X) = dim(Y). 
Then the ranks of Vg(X) and Vg{Y) do coincide and there exists an isomorphism 
u : Vg(X) = Vg(Y) of ^-modules. Since Q is everywhere dense in in the €-adic 
topology, there exists v! € Hom°((X, i), (Y,j)) that is also an isomorphism between 
Vg (X) and Vg(Y). Replacing v! by Nu' for suitable positive integer N, we may 
assume that v! € Hom(X,Y). Then u' must be an isogeny. □ 

Theorem 2.7. Suppose that E is a number field, X and Y are abelian varieties of 
positive dimension over an algebraically closed field K a , 

i ;E^> End (X), j:E^End"(Y) 
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are embeddings that send 1 to the identity automorphisms of X and Y respectively. 
Let us put 

_ 2dim(X) _ 2dim(Y) 

rX [E:Q] TY [E :Q) 

Let us assume that 

dim B Hom°((X,i), (Y, j)) = r x ■ r Y . 

Then both End°(X, i) and End°(Y, j) are central simple E-algebras and 

dim£;End (X, i) — r x , dini£End°(Y, j) = r\. 

In addition, both X and Y are isogenous to self-products of a certain absolutely 
simple abelian variety B of CM-type. 

of Theorem ^. 7\ Clearly, 

2dim(X)dim(Y) 
dim{X Y ) = [E~Q} = dlm(T )' 

It follows from Remark 12.51 that 

dim £ (Hom»((X- ^)),(Y- = 4dim( ^; )d j (yrX) . 

By Lemma \l . 61 there exists an isogeny <fi : X r ' Y — > Y Tx that lies in 
Horn ( (X rY , i^ rY ) ) , ( Y rx , j ( rx ) ) . 
In addition, End°(X, i) and End°(Y, j) are central simple i?-algebras and 

dim £ End°(X-,z(-)) = ( ^q^ ) 2 = (r x r Y f. 

Similarly, 

dim B End°(Y r *, j^) = {r Y r x f. 

This implies the first claim. 

Applying Theorem 12.31 to both (X,i) and (Y, j)), we conclude that there ex- 
ist absolutely simple abelian varieties B and say, B' of CM-type such that X 
is isogenous to a self-product of B and Y is isogenous to a self-product of B'. 
Since Horn ((X, i), (Y, j)) ^ 0, we conclude that Hom(X, Y) ^ and therefore 
Hom(i?, B') ^ 0. This implies that B and B' are isogenous and therefore Y is 
isogenous to a self-product of B. □ 

Suppose that X is defined over K and i(0) C End^ (X). Then we may view 
elements of as JsT-endomorphisms of X. 

Let A be a maximal ideal in 0. We write fc(A) for the corresponding (finite) 
residue field. Let us put 

X x = X x , t := {x e X{K a ) | i(e)x = Ve e A}. 

Clearly, if char((fc)(A)) = £ then A D £ ■ and therefore X\ C X^. Moreover, X> is 
a Galois submodule of and X A carries a natural structure of 0/A = fc(A)-vector 
space. It is known [T2J that if I ^ char(i"Q then 



dim fe(A )X A = 



2dim(X) 
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We write 

P\,x = P\,x,k ■ Gal(-fT) -» Aut fe(A )(X A ) = GL(dx,B, k(X)) 

for the corresponding (continuous) homomorphism denning the Galois action on 
X\. Let us put 

Gx.x = Gx.^x ■= p\, x (Gal(K)) C Aut fc(A) (X A ). 

Clearly, G\_x coincides with the Galois group of the field extension K{X\)/K 
where K(X\) — K(X\^) is the field of definition of all points in X\. 

In order to describe p\,x,K explicitly, let us assume for the sake of simplicity 
that A is the only maximal ideal of dividing £, i.e., I ■ = X b where the positive 
integer b satisfies [E : Q] = b ■ dirriF^fc(A). Then ® Zi = A where A is the 
completion of with respect to A-adic topology. Let us choose an element c € A 
that does not lie in A 2 . One may easily check j^SI §3] that 

X x = {x e X e \ cx = 0} C X t . 

Let Te(X) be the Z^-Tate module of X. Recall that Te(X) is a free Z^-module 
of rank 2dim(A) provided with the continuous action 

pt,x ■ Gal(K) -» Aut z ,(T,(X)) 

and the natural embedding 

End K (X) ® Z e ^ End Zt (T e (X)), 

whose image commutes with p£ : x(Gal(K)). In particular, Te(X) carries the natural 
structure of <£> Zi = A -module; it is known ^3] that the A -module T^(X) is 
free of rank dx.E- There is also the natural isomorphism of Galois modules 

X e = T e (X)/£T e (X), 

which is also an isomorphism of Endx(X) Z> 0-modules. One may easily check j23 
§3] that the 0[Gal(A)]-module 

X\ = Tt{X)l{X0x)Ti{X) = T e (X) ® 0A fc(A). 

Remark 2.8. Let a be an automorphism of E. Clearly, cr(0) = and er(A) = A 
(since A is the only maximal ideal dividing £). However, a may induce a non-trivial 
automorphism of fc(A) (if k{\) ^ Fg). Let us consider the composition 

t := ia : E ^ End^(A). 

Clearly, t(0) = i(0) C End K (X). It is also clear that 

X\ = X\.i = X\ :t , K(X\) = K(X\j) = K(X\ :t ), G\ : x = G\,i,x = G\ :t ,x- 

However, the structure of the k{\)-vector space on A At is the twist via a of the 
structure of the k{X)-vector space on X\ i. This means that multiplication by any 
a G k(\) in X Ajt coincides with multiplication by c(a) in X\^. However, this twist 
does not change the algebra of linear operators, i. e. 

End fe(A) (A A:J ) = End fe(A) (A A:t ), Aut fc(A) (X\,i) = Aut fc(A) (X\,t)- 

This implies that the centralizers of G\.x in End&( A ) (-X^j) and End fc( - A ) (A A ) do 
coincide. In particular, if the centralizer Endg (X A ) is fc(A) (resp. afield) then 
the centralizer End,j (A Aj j) is also k(X) (resp. afield). 
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Remark 2.9. Suppose that L is an overfield of K and K a is the algebraic closure of 
K in L a - Then one may view X as an abelian variety over L and i{&) C EndL(^)- 
The base change (from K to L) does not change the groups X n and X\ . One may 
easily check that px^x.L '■ Gal(L) — > Autj.( A ) (X\) coincides with the composition of 
ves(L,K) : Gal(Z) Gal(if) and p x . x , K ■ Gal(K) -> Aut fe(A) (X A ). 

3. Disjoint abelian varieties 

Throughout this Section E is a number field with the ring of integers and A is a 
maximal ideal in 0, whose residue field k(X) = 0/A has characteristic t. We assume 
that A is the only maximal ideal of dividing I. Let K a field of characteristic 
different from £. Let X and Y are abelian varieties of positive dimension over K 
provided with embeddings 

i : E End^(X) C End°(A:), j : E End^(F) C End°(T) 

such that 

lx = i(l) G i(0) C End K (X), ly = j(l) e i(0) C End K (r). 

Let us consider the fc(A)-vector space 

S(X,y) A :=Hom fc(A) (X A ,Y A ) 

provided with the natural structure of Gel(K )-module. Let 

A(X,Y,X,K) :=End Gal(K) (5(X,y) A ) 

be the centralizer of Gal(if) in End fc(A) (5(X,F) A ). Clearly, A(X,Y,X,K) is a 
finite-dimensional fc(A)-algebra containing the scalars fc(A). 

Remark 3.1. Suppose that L is an overfield of K and K a is the algebraic clo- 
sure of K in L a . Let us consider X and Y as abelian varieties over L. It fol- 
lows from Remark \2.fA that Gel(L) — > Autfc( A ) Y)\) coincides with the com- 
position ofres(L,K) : Gal(i) -> Gal(iT) and Gal(iT) -» Aut fc(A) (5(X, F) A ). 
In particular, the image of Gal(L) — > Autfc( A ) (S(X, Y)\) lies in the image of 
Gal(Jf) -> Aut )fc(A) (S(X,r) A ). It follows that 

A(X, Y, A, X) c F, A, L) c End fc(A) F) A ). 

Clearly, if A{X,Y, A, L) is a fieid iften its every k{X)-subalgebra is also a field, 
because A(X, Y, A, L) is finite- dimensional; in particular, A{X, Y, A, K) is also a 
field. 

Definition 3.2. (X, i) and (Y,j) are disjoint at X over Kif A(X, Y, A, K) is a field. 

Remark 3.3. It follows from Remark \3.1\ that if (X,i) and (Y,j) are disjoint at X 
over L D K then they are also disjoint over K . 

Theorem 3.4. Suppose that the following conditions hold: 

(i) The field extensions K(X\) and K{Y\) are linearly disjoint over K . 

(ii) Consider the centralizer k\ :— End<g Ax (X A ) of G\^x in Endfc( A )(AT A ) and 
the centralizer ki := End^^ (Y\) of G\y in End fe ( A )(Y" A ). Then the k(X)- 
algebras k\ and &2 are fields that are linearly disjoint over k(X). 

Then {X,i) and (Y,j) are disjoint at X over K. 

Theorem 3.5. If (X,i) and (Y,j) are disjoint at X over K then one of the following 
two conditions holds: 
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(i) Eom°((X,i),(Y,j)) = 0. 

(ii) Both X and Y are isogenous over K a to self-products of a certain absolutely 
simple abelian variety B of CM-type; in addition, End°(X, i) is a ri- 
dimensional central simple E-algebra and End°(Y", i) is a rf- -dimensional 
central simple E-algebra. 

We will prove Theorems 13.41 and 13.51 in §G\ We will deduce Theorem 11.11 from 
the following statement. 

Corollary 3.6. We keep all notations and assumptions of Theorem \3.4\ Assume 
in addition that E is normal over Q. Then one of the following two conditions 
holds: 

(i) Hompf,y) = 0,Hom(T,X) = 0. 

(ii) Both X and Y are isogenous over K a to self-products of a certain absolutely 
simple abelian variety B of CM-type; in addition, End (X, i) is a Tri- 
dimensional central simple E-algebra and End°(K, i) is a Ty -dimensional 
central simple E-algebra. 

of Corollary\^ Applying TheoremsESJandESlto (X, ia), (Y, j) for all a 6 Gal(£/Q), 
we conclude that either the assertion (ii) holds (and we are done) or all 

Rom°((X,ia),(Y,j)) = 0. 

In the latter case, it follows from Remark |2 . II that Hom°(X, Y) = and therefore 
Hom(X, Y) — 0, which, in turn, implies that Hom(Y", X) = 0. □ 

4. Proof of Main Theorem 

Throughout this section £ is an odd prime, K a field of characteristic different 
from I and K a its algebraic closure, 

E := Q(O) D := Z[Q] D A := (1 - Q) ■ Z[&], *(A) - F e . 

Clearly, [E : Q] = I - 1. 

Let f{x) <E K[x] be a separable polynomial of degree n > 4. 

Let 9\ = 9\f = {ai, . . . , a n } C K a be the set of all roots of /. We may view 
the full symmetric group S„ as the group of all permutations of 9\. The Galois 
group G = Gal(/) of / permutes the roots and therefore becomes a subgroup of 
S„. The action of G on d\ defines the standard permutational representation in the 
rt-dimensional F^-vector space F^ of all functions ip : %\ — > F^. This representation 
is not irreducible. Indeed, the "line" of constant functions ■ 1 and the hyperplane 
(Ff*)° := {ip | J2i=i V"( a j) — 0} are G-invariant subspaces in Ff*. 

Then we define the heart (F^ 1 ) 00 of the permutational action of G = Gal(/) on 
9\ = D\f over F^ as follows (^D], [2H|)- If n is not divisible by £ then we put 

(F?')°° = (F?)° == (FfO - 
If n is divisible by £ then (F^)° contains F^ ■ 1 and we obtain the natural rep- 
resentation of G = Gal(/) in the (n — 2)-dimensional F^-vector quotient-space 
(Ff)°/(F e -1). In this case we put 

(Ff 00 = (F?) 00 := (Ff)°/(F P -1). 

In both cases it is known that the Gal(/)-module (F^) 00 is faithful (recall that 
n > 4 and £ > 2). 
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Remark 4.1. It is known [HI Satz 4a] (see also |2.'il Lemma 2A]) that if either n — 
deg(f) is not divisible by I and Gal(/) is doubly transitive or n is divisible by t and 
Gal(/) is 3-transitive then the centralizer EndGai(/)((F^ / ) 00 ) = Fi. (Conversely, 
one may easily check Satz 4a] that if n is not divisible by £ and H C Perm(5H) 
is a permutation group with Endi/((F^) 00 ) = Fg then H is doubly transitive.) 

Remark 4.2. Let us assume that K contains a primitive ith root of unity £. Then 
the map 

(x,y) i-> (x,(y) 

gives rise to a birational periodic automorphism 5g of Gf t t with exact period t. By 
functoriality, Si induces an automorphism of J(Cf t t) which we still denote by Si. 
It is known |13l I15| (see also |28| ) that Si satisfies the ith cyclotomic equation in 
End^( J(Cfj)). This gives rise to the embeddings 

if.0 = Z[Q] — End K (J(C u )), E = Q[Ct] End° K {J(C f rf) 

with if(l) = lj{c hl ) and if((e) = Sg. 

Notice that A = (1 — Q) ■ is the only maximal ideal dividing £ in and 

the corresponding residue field fc(A) = . The finite Galois module J(Cf t i)\ ad- 
mits the following description. The canonical surjection Gal(K) -» Gal(/) defines 
on the Gal(f)-module (F^ / ) 00 the natural structure of GslI(K) -module. Then the 

¥z[Gal(K)]-modules (F^) 00 and J{Cf^)\ are canonically isomorphic ^3]jGH]- ^ n 
particular, this implies that 

K(J{C }J ) X ) = K(m f ), 

(recall that the the Gal(/) -module (F^) 00 is faithful). 

Theorem 11.11 now clearly is an immediate corollary of Remark 14.11 and the fol- 
lowing result. 

Theorem 4.3. Suppose that K is a field of characteristic different from I that con- 
tains a primitive Ith root of unity. Let f(x),h(x) £ K[x] be separable polynomials 
of degree n > 4 and m > 4 respectively. Suppose that the splitting fields of f and h 
are linearly disjoint over K . Suppose that 

End Gal(/) ((Ff')°°) = Fi, End Gal( , ) ((Ff'') 00 ) = F,. 
Then one the two following conditions hold: 

(i) Hom(J(C // ), J(C h ,i)) = and Hom(J(C M ), J(C U )) = 0. 

(ii) p := char(if) > and there exists an absolutely simple abelian variety 
Z defined over an algebraic closure F p of F p such that both J(C/^) and 
J{Ch,t) are abelian varieties of CM-type isogenous over K a to self-products 
of Z . In addition, the centralizer of Q[<y = Q(O) i n End°( J(Cf/)) is a 
central simple algebra of dimension ^ 2dlm W<?/,i)) ^ anf ^ ^ e cen i ra \_ 
izer of Q[Si] = in End {J{Ch,t)) is a central simple Q(Q) -algebra of 
dimension ^ 2dlm (^i^,£)) ^j _ 

of Theorem \4-S[ By the assumption and Remark l4.2l K(J(Cf t £))\) and K(J(Ch,i))x) 
are linearly disjoint over K . 
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Applying Corollary ELSl (with ki = F e = k 2 , X = J(C f ,t),Y = J(C h ,e)), we 
conclude that either 

Rom(J{C f ,t), J(C M )) = 0, Hom( J(C M ), J(C U )) = 

(i.e. the case (i) holds) or both J(C//) and J{Ch,i) are isogenous over K a to self- 
products of a certain absolutely simple abelian variety B of CM-type; in addition, 

the centralizer of Q(Ce) in End°( J(C/,f )) is a ^ 2dlm W c "/^)) ^ -dimensional central 

simple Q((f)-algebra. By |231 Theorem 3.6], the last property cannot take place 
in characteristic zero and therefore p := char(if a ) = char(i"Q > 0. In order to 
check that the case (ii) holds, one has only to recall that in characteristic p every 
absolutely simple abelian variety of CM-type is isogenous to an abelian variety over 
F p (a theorem of Grothendieck ^2]). By the same token, we get the desired results 
for J(C M ). □ 

Remark 4.4. Theorem \4.ci\ suggests that it may be interesting to classify subgroups 
G = Gal(/) C Perm(<K) such that n = #(<R) is divisible by i and End G ((Ff ) 00 ) = 
Fi (or afield). According to [HI Satz 11], if G is transitive (i.e. f{x) is irreducible) 
then such G must be doubly transitive (if n > 4 and I is odd). The (almost) complete 
classification of known doubly transitive G with (absolutely) irreducible (F^ 5 ) 00 is 
given in |1U| (see also f7\). Of course, in the irreducible case the centralizer is a 
field (and even Fg in the absolutely irreducible case). 

Theorem 4.5. Suppose that K is a field of prime characteristic different from 
I that contains a primitive Ith root of unity. Let f(x),h(x) S K[x] be separable 
polynomials of degree n > 9 and m > 4 respectively. Suppose that the splitting 
fields of f and h are linearly disjoint over K. Suppose that £ divides n and Gal(/) 
coincides either with full symmetric group S n or with the alternating group A„. 
Suppose that 

End Galw ((F^) 00 ) = F, 
(e.g., t does not divide m and Gal(ft-) is doubly transitive.) Then 

Hom( J{C } ,i), J(C hJ )) = 0, Hom(J(C M ), J(C f ,e)) = 0. 
Proof. Clearly, Gal(/) is 3-transitive and, thanks to Remark 14. II 

End Gaa(/) ((Ff')°°) = F*. 

Therefore we may apply Theorem 14.31 Assume that the assertion (ii) holds true. 
In particular, the centralizer of Q[<y = Q(Ce) m End (J(Cf t e)) is a central simple 

^ 2dim( j(c fl< )) ^ 2 _ dimensiona i Q(^)-algebra. Recall that r 2dim( ^ ( 1 C/ ^ )) = n- 1 

or n — 2; in both cases we have r > 1 and therefore the r 2 -dimensional centralizer of 
Q[<y contains an overfield E 1 D Q[Se] that does not coincide with Q[^]. However, it 
follows from Theorem 0.1 of that Q[<5^] is a maximal commutative Q-subalgebra 
in End (J(Cf t e)). This gives us a desired contradiction. □ 

5. Representation theory 

This Section contains auxiliary results that will be used in Section [H] 

Lemma 5.1. Let F be a field. Let Hi and H2 be groups. Let Ti : Hi — > Autf(Wi) 
(i = 1,2) be linear finite- dimensional representation of Hi over F and Fi := 
End Hi (Wi). Let W? = Rom F (Wi,F) be the dual ofWi and r x * : Hi -> Aut F {W?) 
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the dual of ri . Let us assume that the F -algebras F± and F 2 are fields that are 
linearly disjoint over F. 

Let us consider the natural linear representation 

t* (g) r 2 : Hi x H 2 -> Aut F (Hom F (W^i, W 2 )) 

of the group H := Hi x H 2 in the F-vector space S := Horrif (W\, W 2 ). Then 
End# (S) is a field. 

Proof. One may easily check that the centralizer of Hi in Endp^W*) still coin- 
cides with F\. Let A\ be the -F-subalgebra of EndF(H / 1 *) generated by r*(H\)\ 
clearly, the centralizer of A\ in Endi?(W r *) also coincides with F\. Similarly, if A 2 
is the F-subalgebra of Endj^W^) generated by t 2 (H 2 ) then the centralizer of A 2 
in End F (W 2 ) coincides with F 2 . Clearly, the F-subalgebra of End F (W 1 * ®j? W 2 ) 
generated by t£ <g) t 2 (Hi x H 2 ) coincides with 

Ai ® F A 2 C End F (W r *) ® F End jF (W r 2 ) = End F (W r * ® F W 2 ). 

It follows from Lemma (10.37) on p. 252 of [2] that the centralizer of Ai ® F A 2 
in Endi^Wj* ® F W 2 ) coincides with F\ ® F Fq, and therefore is a field, thanks to 
the linear disjointness of F\ and F 2 . This implies that the centralizer of Hi x H 2 
in Endj^W* ®j?iy 2 ) is the held Fi® F F 2 . Since the 77-modules W* ® F W 2 and 
Hom F (M / i, W2) ar e canonically isomorphic, the centralizer of H in Endi^HonipfWi, W 2 )) 
is also a field. □ 

Lemma 5.2. Let L be a complete discrete valuation field with discrete valuation 
ring 0l, its maximal ideal m and residue field k = 0i/m. Let V be a finite- 
dimensional vector space over L, t : 67 — * Auti(V) a completely reducible linear 
representation of a group G in V . Let T be a G-stable 0L-lattice in V. Consider 
the finite- dimensional k-vector space V = T ®q l k provided with a natural linear 
representation f : G — » Autfe(V r ) that is the reduction of r modulo m. If the 
centralizer of G in Endk(V) is a field then t is irreducible. 

Proof. Suppose that r is not irreducible. Since it is completely reducible, there exist 
non-zero ui,u 2 £ End^V) with uiu 2 — 0. Multiplying (if necessary) both 1x1,112 
by suitable powers of an uniformizer, we may assume that ui(T) C T,u 2 (T) C T 
but neither u\ nor u 2 lies in m • End0 L (T). It follows that the images ui,u 2 of ui 
and u 2 with respect to the reduction map End0 Jj (T) — > Endfc(V) satisfy 

mi 7^ 0, u 2 ^ 0, = 0. 

Since both u\, u 2 obviously lie in the centralizer of G in Endfc(y), we get a contra- 
diction. □ 

Lemma 5.3. Let V be a finite- dimensional vector space over a field Q of charac- 
teristic zero, G a group, r : G — > Autg(T^) a completely reducible Q-linear repre- 
sentation in V. Let L be an overfield of Q and i : L > Endg(y) is an embedding 
of Q-algebras that sends 1 to the identity automorphism of V . Suppose that the 
image i(L) commutes with G. Then the natural L-linear representation of G in V 
is also completely reducible. 

Proof. Let A C Endg(F) be the image of the natural Q-algebra homomorphism 
Q[G] — > End<g(F). The complete reducibility of r means that A is a (finite- 
dimensional) semisimple Q-algebra. Therefore Al ■= A (g)Q L is a semisimple 
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L-algebra. Clearly, A C Endi(F). This implies that the image of the natural 
L-algebra homomorphism 

L[G] -> End L (V) C End Q (V) 

is isomorphic to a quotient of Al and therefore is also a semisimple L- algebra. But 
this means that the natural L-linear representation of G in V is also completely 
reducible. □ 

6. HOMOMORPHISMS OF ABELIAN VARIETIES: PROOFS 

of Theorem f^l We need to prove that the centralizer A(X, Y, A, K) = Endcai(if) {S(X, Y)\) = 
EndG a l(K)(Horm.( A \(X A , Y x )) of the natural representation 

Gal(K) - Aut fc(A) (Hom fc(A) (A A ,y A )) 

is a field. Denote this representation by r and let us put 

F = *(A),£Ti = G A ,x, Wi = X A , H 2 = G X , Y ,W 2 = F A . 

Denote by 

t 1 :H 1 = G KX C Aut fe(A) (A A ) = Aut fc(A) (Wi) 

and 

r 2 :H 2 = Gx.y C Aut fc(A) (F A ) = Aut fe(A) (VF 2 ) 

the corresponding inclusion maps. 

It follows from Lemma 15 . II that the centralizer of the linear representation 

r* <g>r 2 : Gal(^(A A )/X) x Gal(tf(Y A )/X) -» Aut fc(A) (Hom fe(A) (X x , Y x )) 

is a field. 

One may easily check that t, which defines the structure of Gal(A)-module on 
Hom fe ( A ) (Xe, Y/), coincides with the composition of the natural surjection Gal(K ) -» 
Gal(K(X x ,Y x ) / K), the natural embedding 

Gal(K(X X) Y x )/K) Gal(X(A A )/X) x Gal(X(y A )/if ) 

and 

r* ®T 2 : Gal(K(X x )/K) x Gal(AT(Y A )/X) -» Aut fe(A) (Hom fe(A) (A A , Y x )). 

Here 1<"(X A ,Y A ) is the compositum of the fields K(X\) and K(Y\). The linear 
disjointness of K{X\) and K(Y X ) means that 

Gal{K(X x ,Y x )/K) = Gal(K(X x )/K) x Gal{K(Y x )/K). 

This implies that r is the composition of the surjection 

Ga\(K) -» Gal(K[X x )/K) x G&\{K{Y X )/K) 

and t* ® t 2 . Since the centralizer of the representation 

rf®r 2 : Gal(K(Y x )/K) x Gal(K(X x )/K) -» Aut fe(A) (Hom fc(A) (A A , Y A )) 

is a field, the centralizer of the representation 

r : Gal(X) -» Aut fe(A) (Hom fe(A) (A A , Y x )) 

is the same field. □ 
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of Theorem \S.fA First, we need an additional information about the Tate modules 
Tt{X) and T e (Y) of abelian varieties X and Y [TT]. Recall that T t (X) and T e {Y) 
are free 0,\-modules provided with the continuous actions of Gal(AT) and one may 
view may view pt t x ■ Gal (if) — » A\xby\(X\) as the reduction of pe t x ■ Gal (if) — » 
Aut0 x (T^(X)) modulo A and p\.y ■ Gal(if) — > Au.tf.t\(Y\) as the reduction of 
pt,y ■ Gal(if) -> Aut 0A (T £ (F)) modulo A. 

It is known UU that the Tate Q^-modules V t {X) = T e (X) Q e and V e (Y) = 
Ti(Y) ig>z e Qe are 0\ <&z e Qe = £?A -vector spaces of dimension 2( [™^ and 2< ^^ 
respectively. (Here E\ — E ®q Q<> is the completion of E with respect to the 
A-adic topology.) The groups Te(X) and Te(Y) are naturally identified with the 
0A-lattices in Vt(X) and Vg(Y) respectively and the inclusions 

Aut 0A (T,(X)) c Aut Ex (V e (X)), Aut 0A (T e (Y)) c Aut Ex (V e (Y)) 

allow us to consider Vg(X) and Vt(Y) as representations of Gal(if ) over E\. 
Our task now is to prove that the natural representation of Gal(if ) in 

Vx :=Kom Ex (V e (Y),V e (X)) 

over E\ is irreducible. For this, we may and will assume that if is finitely generated 
over its prime subfield (replacing if by a suitable subfield and using Remark 13. 3|l . 
Then the conjecture of Tate [201 (proven by the author in characteristic > 2 |21II22| . 
Faltings in characteristic zero |S] and Mori in characteristic 2 [5] ) asserts that 
the natural representation of Gal(if) in Ve(Z) over is completely reducible for 
any abelian variety Z over K . In particular, the natural representations of Gal(if ) 
in Vi(X) and Vg(Y) over are completely reducible. It follows from Lemma f5. 31 
that the natural representations of Ga\(K) in Vg(X) and ViiY) over E\ are also 
completely reducible. 

It follows easily that the dual Galois representation in Homq, {Vg (X), E\) is 
also completely reducible. Since E\ has characteristic zero, it follows from a the- 
orem of Chevalley [fl p. 88] that the Galois representation in the tensor prod- 
uct nom Ex (V e (X),E x ) ® Ex Ve(Y) = Rom Ex (V e (X),V e (Y)) = Vi is completely 
reducible. 

Second, I claim that the natural representation of Gal(if ) in V\ over E\ is 
irreducible. Indeed, the 0A-module Honi0 A (Tg(X), Te(Y)) is a Gal(K )-invariant 
0A-lattice in Hom Ex (Ve(X), Ve(Y)) = V\. On the other hand, the reduction of this 
lattice modulo A coincides with 

Rom 0x (T e (X),T i (Y))® 0x fc(A) = Hom fe(A) (A A , Y x ). 

Now the desired irreducibility follows from Lemma l5~2l 

Third, recall that there is a natural embedding ^2 Sect. 19] 

Horn (A, Y) ® Q Q e c Rom Qe {Vt{X),V e (Y)), 

whose image is a Gal(if )-invariant Q^-vector subspace. Clearly, the image of 
Hom°((A, i), (Y,j)) ®q under this embedding lies in Honi£ A (Vg(X), Vt(Y)) and 
this image is a Gal(if )-invariant E<S>QQe = E\-vectoi subspace of Hom£; A (Vi(X), Ve(Y)). 
The irreducibility of Hom Ex (Vg(X), ViiY)) implies that either 

Hom°((X,i), (Y,j)) ® Q Q e = Hom Ex {V t {X),V t {Y)) 

or Hom°((X, i), (Y,j)) ®q = 0. Since Hom°((X, i), (Y,j)) is a E'-vector space, 
either Hom°((A, i), (Y,j)) = or dim B (Hom°((A, i), (Y,j))) equals 



4-dim(X)-dim(F) 



[E:Q] 
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In the first case we are done. In the second case the result follows from Theorem 

O □ 
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